We investigate the evolution of ''almost sharp'' fronts for the surface quasi-geostrophic equation. This equation was originally introduced in the geophysical context to investigate the formation and evolution of fronts, i.e., discontinuities between masses of hot and cold air. These almost sharp fronts are weak solutions of quasi-geostrophic with large gradient. We relate their evolution to the evolution of sharp fronts.
I
n this article we study the evolution of ''almost sharp'' fronts for the surface quasi-geostrophic (QG) equation. This 2D active scalar equation reads
where
and ͑Ϫ⌬͒ 1/2 ϭ .
[3]
For simplicity we are considering fronts on the cylinder; i.e., we take (x, y) in ‫ޚ͞ޒ‬ ϫ ‫.ޒ‬ In this setting we define Ϫ⌬ where u is determined by Eqs. 2 and 3. We are interested in studying the evolution of almost sharp fronts for the QG equation. These are weak solutions of the equation with large gradient [ϳ(1͞␦), where 2␦ is the thickness of the transition layer for ].
We are going to consider the cylindrical case here. We consider a transition layer of thickness Ͻ2␦ in which changes from 0 to 1 (Fig. 1) . That means we are considering of the form
where is a smooth periodic function and 0 Ͻ ␦ Ͻ 1 2
. For these solutions we have the following Theorem. To analyze the evolution of the almost sharp front, we substitute the above expression for in the definition of a weak solution (4). We use the notation X ϭ O(Y) to indicate that ͉X͉ Յ C͉Y͉ where the constant C depends only on ʈʈ Lϱ , ʈƒʈ Lϱ and ʈʈ C1 , where is a test function appearing in Definition. We consider the three different regions defined by the form on . Because ϭ 0 in region I, the contribution from that region is 0; i.e., To see this, we fix t. We must estimate
Theorem. If the active scalar is as in Eq. 5 and satisfies Eq. 4, then satisfies the equation
Using Eqs. 2 and 3, we obtain and hence u(x, y, t) ϭ K‫(ء‬x, y, t) where K looks locally like the orthogonal of the Riesz transform, precisely
Because is bounded, from the above expression for K we obtain that u is of exponential class (16) 
The first term gives
To analyze B, fix t and consider only the space integration
Now we look more closely to the integrand of the above expression. We have
Recall the expression for K obtained in Eq. 6. Therefore,
ϩ ͑x Ϫ u, y Ϫ v͒ͪͪdudv ‡ ‡ We move the Ќ that appears in K to the factor ((Ѩ͞Ѩx), Ϫ 1).
Hence we have
and hence we obtain the following expression for B.
Now, considering all contributions from all regions, we obtain that Eq. 4 is equivalent to
and hence we obtain the equation
which proves Theorem. It would be interesting to give a rigorous construction of an almost sharp front solving the surface QG equation for given initial data and arbitrarily small thickness ␦.
The problem of the evolution of almost sharp fronts considered here could be a simple model for a very interesting and hard problem of justifying rigorously the equation for the evolution of a vortex line.
If one imagines the vorticity as a ␦ function supported along a curve, the attempt of recovering the velocity by using the Biot-Savart law shows a singularity proportional to the inverse of the distance to the curve. The heuristic derivations of an equation for the evolution of the curve simply remove that singularity from the equation. The main problem faced in a rigorous derivation is that a vortex line, as described above, fails to be a weak solution of the Euler equation.
Modifying the definition of weak solution may introduce objects unrelated to physically meaningful solutions of the 3D Euler equation (17) . Instead one could try to consider solutions supported on a very small neighborhood of the ''vortex line'' and obtain an equation for the evolution of such a solution based on the core line and the thickness, hoping that some limit could be found when sending the thickness to 0.
The analysis we have presented here is the analog of the proposed strategy for the surface QG equation. This equation also contains a singularity in the velocity as we approach the front. The singularity is only logarithmic, weaker than the one in the 3D Euler equation. Nevertheless, we hope this result might provide some insights on the vortex line problem.
